We consider the Casimir interaction between two spheres corresponding to massless Dirac fields with MIT-bag boundary conditions. Using operator approach, we derive the TGTG-formula for the Casimir interaction energy between the two spheres. A byproduct is the explicit formula for the translation matrix that relates the fermionic spherical waves in different coordinate systems. In the large separation limit, it is found that the order of the Casimir interaction energy is L −5 , where L is the separation between the centers of the spheres. This order is intermediate between that of two Dirichlet spheres (of order L −3 ) and two Neumann spheres (of order L −7 ). In the small separation limit, we derive analytically the asymptotic expansion of the Casimir interaction energy up to the next-to-leading order term. The leading term agrees with the proximity force approximation. The result for the next-to-leading order term is compared to the corresponding results for scalar fields and electromagnetic fields.
I. INTRODUCTION
The Casimir effect induced by the vacuum energy of a quantum field is an important topic of research in various areas of theoretical physics such as quantum field theory, gravitation and cosmology, atomic physics, nanotechnology and condensed matters. In the end of the last century, the advancement in Casimir experiments have driven the acceleration of the theoretical research of Casimir effect. In the beginning of this century, we have observed a flourish in the Casimir research into new eras. In particular, there is a breakthrough in the understanding of how to compute the Casimir interaction between two nonplanar objects using multiple scattering or mode summation approach after the hardwork of a few groups of researchers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
In these ten years, many research have been done to understand the Casimir interaction between two nontrivial configurations such as a sphere and a plate, two spheres, two cylinders, a cylinder and a plate, etc. Using multiple scattering formalism, one can show that the Casimir interaction energy can be written as the integral over the trace of the logarithm of a matrix, which is the multiplication of four matrices, two of them are the T-operators of the two objects, and another two are the translation matrices that relate the coordinate systems used for the two objects. The two T-operators are intimately related to the scattering matrices of the objects and can be easily computed by matching boundary conditions. The difficult part of the problem is to derive the translation matrices, and one usually needs advanced mathematical tools.
In the pioneering work [20, 21] , Milton has considered the fermionic Casimir effect of a spherical bag. Subsequently, Casimir effect of fermionic fields has aroused considerable interest [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . Nevertheless, to the best of our knowledge, no one has considered the fermionic Casimir interaction between two nontrivial objects. In this work, we take the first step in this direction. We consider the fermionic Casimir effect between two spheres exterior to each other and compare the results to that of scalar fields and electromagnetic fields. The fermionic field satisfies the Dirac equation and is subject to the MIT-bag boundary conditions. As has been well-known, although fermionic fields have spin and statistics that are different from that of bosonic fields, they also induced attractive Casimir force on two parallel plates. Hence, it is natural to expect the same result in the case of two spheres. We show that this is indeed the case by computing the large separation and small separation asymptotic behaviors.
II. THE CASIMIR ENERGY
Consider two spheres A and B outside each other with radii r A and r B respectively. Let L be the distance between the centers of the spheres and let d be the distance between the spheres. Then
We want to study the Casimir effect due to the vacuum fluctuations of a massless spin 1/2-fermionic field with MIT-bag boundary conditions on the spheres. The equation of motion is the Dirac equation
where ∇ µ = ∂ µ + Γ µ , and Γ µ is the spin connection. On the boundaries of the spheres, MIT-bag boundary conditions are imposed:
where n µ is the unit outward normal vector.
To derive the formula for the Casimir interaction energy between the spheres, we use the formalism we developed in [19] . The TGTG formula for the Casimir interaction energy is given by
Here ξ is the imaginary frequency. The minus sign in front of the integral appears because we are dealing with fermionic fields. In this formula, T A and T B are respectively the T-operators of the spheres A and B, G AB and G
BA
are the translation matrices that relate the bases of wave functions in different coordinate systems. In spherical coordinates, the wave basis are parametrized by (j, m) with j = 1/2, 3/2, 5/2, . . . and m = −j, −j + 1, . . . , j − 1, j. They are given by
where k = ω/c, ψ (+) and ψ (−) are respectively the positive energy modes and negative energy modes, * = reg or out for regular or outgoing waves,
Ω jlm are the spherical harmonic spinors [42] :
and the constants
are introduced to facilitate the change to imaginary frequencies.
Matching the boundary conditions on the spheres, we find that the T-operator for sphere A is given by
and k = iκ. The T-operator for sphere B -T B is given by the same formula by changing r A to r B . The derivation of the G AB and G BA matrices are more complicated. Their components are defined by the relations
where
To compute these matrices explicitly, let us use the operator method introduced in [43] and developed in [19] . As in [19, 43] , define a differential operator P lm by
Here P (m) l (z) is the m times derivative of the Legendre polynomial P l (z). This operator is such that
and r = (x, y, z) = (r sin θ cos φ, r sin θ sin φ, r cos θ).
It has been shown in [19, 43] that
and
From (4), we have
Now, define
Using the orthogonality of the spherical harmonics and the formulas (5), one can check directly that
From these and the definition (3), we find that
After some computations, we obtain the following formulas for G
Hence, after some simplification, the Casimir interaction energy between two fermionic spheres can be written as
In (6), we have multiplied a factor of 2 taking into account the contribution from positive and negative energy modes.
Although the components of the T -operators of the spheres T A and T B are complex, one can check directly that after taking the trace, the contribution to the Casimir interaction energy from positive energy modes and negative energy modes are both real and equal to each other. We would also like to remark that using the identities of associated Legendre functions, one can show that the product 
is a matrix of the form
In fact, V 1 jm,j ′ m can be expressed as linear combinations of K j ′′ (κL) with coefficients depending on j, j ′ , j ′′ and m. However, it would not help our computations later.
In the following, we are going to explore the asymptotic behavior of the Casimir interaction energy when the separation between the spheres is large and when the separation is small.
III. THE LARGE SEPARATION ASYMPTOTIC BEHAVIOR
When the separation between the spheres is large, i.e., when L ≫ r A , r B , the leading contribution to the Casimir interaction energy comes from terms with lowest j and m, namely with j = 1/2 and m = ±1/2. Replacing κ by κ/L, we find that the leading contribution is
The factor 2 in front of the integral in (7) comes from m = 1/2 and m = −1/2 which give equal contributions. When L ≫ r A , r B ,
and a similar expression for T .
Hence,
Namely, in the large separation regime, the order of the Casimir interaction energy is L −5 .
For
Hence, we see that in the large separation regime, the order of the Casimir interaction is intermediate between the Dirichlet and the Neumann case.
IV. THE SMALL SEPARATION ASYMPTOTIC BEHAVIOR
The derivation of the small separation asymptotic behavior is more complicated. Based on the pioneering work [10] , a perturbative machinery has been developed in [11, [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] . We use the same method with necessary modification to the present scenario.
First we expand the logarithm in (6) and get 
Making a change of variables
and replacing summations by appropriate integrations, we have
Next we expand each term in small ε keeping in mind that
we have
Here and in the following, we denote by X i,1 and X i,2 terms of order √ ε and ε respectively. Similarly, we have
On the other hand, making a change of variables
we have expansions of the form
Using Stirling's asymptotic expansion for gamma functions, we also obtain an asymptotic expansion
Collecting the terms, we have
Now we expand the terms to obtain terms of order √ ε and ε respectively, and then perform the summation over k and k ′ . After summation, the integrations over ϕ and ϕ ′ are standard, followed by the integration over θ. We obtain an expression of the form
Interchanging n i and n i+1 gives
we use Debye asymptotic expansions of modified Bessel functions
We find that
Here P i,1 is real and P i,2 is complex. After expansion and simplification, we find that
jim,1 and T
jim,2 , we have similar expansions
Finally, we obtain an expansion of the form
The imaginary part has been omitted since it is easy to verify that it would not contribute in the trace. Substituting into (8), we find that the term of order √ ε is zero and we have
The integrations over n i , m, l and τ are standard and we obtain
One can easily verify that the leading order term
coincides with the proximity force approximation. Since 1 3 − 20 7π 2 = 0.0438, the sign of the next-to-leading order term can be the same as or different from the leading term depending on the ratio of r A to r B . We can also compare this result to the results of scalar fields and electromagnetic fields [50] :
For the case of two Dirichlet spheres, the sign of the next-to-leading order term can also be the same as or different from the leading term depending on the ratio of r A to r B . However, for the case of two Neumann spheres or two perfectly conducting spheres, the sign of the next-to-leading order term is always different from the leading term. It is also interesting to note that for scalar field, fermionic field as well as the electromagnetic field, the ratio of the next-to-leading order term to the leading order term always contain the term
with same coefficient. It looks like this is a universal term that does not depend on boundary conditions.
V. CONCLUSION
In this work, we consider the Casimir interaction between two spheres that results from the vacuum fluctuations of a massless Dirac field with MIT-bag boundary conditions. The sphere-sphere Casimir interaction due to scalar fields and electromagnetic fields has been well-understood. However, to the best of our knowledge, we are the first one that investigates the fermionic interaction between two spheres. Using our formalism in [19] , we derive the functional representation of the Casimir interaction energy. The most technical part in the derivation is the computation of the translation matrix that relates the fermionic spherical waves in two different coordinate systems. We tackle the problem using the operator approach as in [19, 43] . The result can be considered as an important byproduct of this work.
From the formula of the Casimir interaction energy, we compute the large separation and small separation asymptotic behaviors. As usual, the large separation asymptotic behavior is very easy to compute since it only involves a few terms that can be computed explicitly. We showed that when the separation between the spheres is large, the Casimir interaction energy behaves like
where L is the separation between the centers of the two spheres, and r A and r B are the radii of the spheres. We note that the order of the Casimir interaction energy is L −5 , which is intermediate between the order of the Casimir interaction energy between two Dirichlet spheres (L −3 ) and the order of the Casimir interaction energy between two Neumann spheres (L −7 ). In the small separation limit, we compute analytically the asymptotic behavior of the Casimir interaction energy up to the next-to-leading order term and find that Here d is the distance between the two spheres. The leading order term agrees with the proximity force approximation. We also note that the term
which appear in the ratio of the next-to-leading order term to the leading order term is 'universal' among different types of quantum field.
From the leading terms of the small separation and large separation asymptotic behaviors, we find that the Casimir interaction force is an attractive force in these two regimes. We believe that the force is always attractive at all separations, but it is not easy to deduce this from the expression for the Casimir interaction energy.
